The Padé approximant technique and the variational Monte Carlo method are applied to determine the ground-state energy of a finite number of charged bosons in two dimensions confined by a parabolic trap. The particles interact repulsively through a Coulombic, 1/r, potential. Analytic expressions for the ground-state energy are obtained. The convergence of the Padé sequence and comparison with the Monte Carlo results show that the error of the Padé estimate is less than 4 % at any boson density and is exact in the extreme situations of very dilute and high density.
In the present paper, we study a model of two-dimensional charged bosons confined in a parabolic trap. Instead of an often used long-wavelength field theory description, we start from the N-particle hamiltonian, which in harmonic oscillator units (i.e.
h/(mω 0 ) for length,hω 0 for energy, etc.) reads
where ω 0 is the dot confinement frequency, β 3 = (
2 )/(hω 0 ), and m and q are, respectively, the particle mass and charge. By varying β we modify the "density" of the system.
Following our approach for electrons in a parabolic quantum dot, 8 we will construct twopoint Padé approximants for the ground-state energy of the Hamiltonian (1) from the weak and strong interaction expansions of the energy
ǫ| β→∞ = β 2 {a 0 + a 2 /β 2 + . . .}.
When β << 1, we have a system of weakly interacting bosons in a harmonic potential. For β = 0 we have N non-interacting bosons with energy b 0 = N which is the leading contribution to the energy (2). Perturbation theory is applied to compute b 3 and b 6 , yielding
, and int is a shorthand notation for the harmonic oscillator intermediate states respecting conservation of angular momentum (equal to zero in the ground state). Due to the pair character of the potential, only one-and two-particle excitations are allowed. ǫ 0 (int) is the energy of the non-interacting intermediate state and ǫ 0 (0) = N. We would like to notice that in order to apply the Padé approximant technique one needs to calculate the coefficients with rather high accuracy. This was achieved in the following way. The one-particle excitation part (namely the coefficient c 1 ) was calculated from the straightforward summation of a single sum which converges rather fast. The convergence of the double sum in the two-particle excitation part, however, is slow. Therefore we used an alternative approach and calculated the coefficient c 2 from the solution of the two particle interaction problem which is given in the Appendix.
On the other hand, when β → ∞, a scaling of coordinates r → βr in the Hamiltonian (1) shows [8] [9] [10] that the potential energy (Coulomb repulsion plus parabolic confinement) behaves as β 2 , whereas the kinetic energy ("fluctuations") is of order zero in β. Consequently, in this limit the system behaves as N classical point particles and a 0 is the minimum of the classical potential energy. The next term a 2 takes account of the zero-point fluctuations, which is given by a 2 = α ω α /2. The coefficients a 0 and a 2 for N = 2 − 5 are given in Ref. 10 . They were obtained from a strong-coupling expansion of the exact quantum-mechanical Hamiltonian. For larger N, a 0 and a 2 were obtained by minimising the potential energy with a combination of Monte Carlo and Newton methods and the normal frequencies were computed by solving a classical small-oscillation problem. 11, 12 Fitted expressions (as given in Ref. 8 ) for the coefficients a 0 and a 2 for 6 ≤ N ≤ 210 are
These expressions also have the correct N → ∞ asymptotic behavior. Two-point Padé approximants {P s,t (β)} are used to estimate the ground-state energy. They are quotients of polynomials reproducing the first s + 1 terms of the expansion (2) and the first t + 1 terms of the β → ∞ series (3). By construction, the approximants are asymptotically exact in both the β → 0 and β → ∞ limits. As it is common with the Padé approximants, we shall check the convergence of a sequence {P s,t (β)} running parallel to the diagonal {P s,s (β)}. 13 In the present problem we use the off-diagonal sequence {P K+3,K (β)}, which is the first non-trivial sequence with no singularities. We will show that it exhibits good convergence properties at intermediate β values. The explicit form of the first elements of this sequence are the following
In Figs. 1(a) and 1(b) we show the relative differences between consecutive approximants for 20 and 210 bosons, respectively. From these figures, the maximum error of the P 6,3 (β) approximant is estimated to be lower than 4% for any value of β. For N = 20(210) the maximum error is 3(4)% which is reached for β = 0.8(0.4).
The explicit form of the coefficients a k and b k suggests that ǫ/N is an "almost universal" function of the variable Nβ 3 for large N. We found that for N ≥ 90, the coefficients reach their asymptotic forms, and we have 
where f is only a function of Nβ 3 . The P 6,3 (β) estimates for N = 20, N = 90 and N = 210 are given in Fig. 2 , showing the "approximate" scaling when N ≥ 90. Note that bosons interacting through short-range potentials also show scaling behaviour in the large-N limit. Indeed, in this limit they are described by the Gross-Pitaevskii equation, which may be written in a scaled form.
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In order to have an independent check on the accuracy of the present Padé approximant, we carried out variational Monte Carlo (VMC) calculations 15 for the ground-state energy. The trial wave function used in the computations was (up to a normalisation constant)
where φ(r) = e −r 2 /2 is the ground-state function of a boson in the harmonic potential, and the pseudopotential u(r ij ) was chosen as
where A and C are variational parameters. This interpolative expression for u gives the correct asymptotic form at coincidence, r → 0 ("cusp conditions"),
and at very large values of r,
The later expression can be easily verified for the N = 2 system. The coefficient in front of −ln r is roughly the difference ǫ(β) − ǫ(0), which is proportional to β 3 for small β values, and tends to β 2 as β increases. In Fig. 1 we have also plotted (the dots) the relative difference between the P 6,3 (β) Padé approximant and the variational Monte Carlo results. Note that in Fig. 1(a) for N = 20 up to β ≃ 2.5 (the solid dots) the P 6,3 (β) approximant gives practically identical results as those obtained from the variational Monte Carlo. The relative error is less than 1.5% which is below the 4% level estimated previously from a comparison between successive Padé approximants. For larger values of β one approaches the Wigner limit where the particles form a crystal-like structure. In that limit the functional form taken for the trial function is expected to be no longer good and we notice that the relative error does not decrease with β (open dots) but stays approximately constant. Also for N = 210 it is shown in Fig. 1(b) that the relative error is less than 4%. 
APPENDIX: SECOND ORDER ENERGY CORRECTION FOR THE TWO PARTICLE INTERACTION PROBLEM
Here we present an alternative but more accurate calculation of the coefficient c 2 for the second order energy correction (5). Because expression (5) exhibits a rather simple dependence on the number of bosons N we can limit ourselves to calculate the coefficient c 2 for the system of two particles with Coulomb repulsion in a parabolic confinement potential. The ground-state of that system will be symmetric with respect to the permutation of the particles what automatically takes into account the boson character of the problem.
It is known that in this two particle interaction problem the relative and the center-ofmass motion can be separated. The center-of-mass ( R = ( r 1 + r 2 )/2) motion is the one of a harmonic oscillator and is easily eliminated. Consequently, we have only to consider the following radial Schrödinger equation for the relative motion ( r = r 1 − r 2 ) of particles
with λ = β 3 . Now let us expand the eigenvalue E = E 0 + λE 1 + · · · and the wave function R = R 0 + λR 1 + · · · into powers of λ. The application of the standard perturbation technique leads to the following expressions
with R 0 = exp(−r 2 /4) and the first order wave function correction obeys the following equation
This equation has to be solved together with the boundary and orthogonality conditions
Inserting the substitution R 1 = { ∞ n=1 w n r n + C}R 0 into equation (A6) we obtain the recurrence relation
Now iterating the above relation, withy the ortogonality condition (A7), and inserting the obtained result into expression (A5) we obtain the second order energy correction expressed as a single sum of Γ-functions .
The coefficient c 2 = E 2 /2 − c 1 follows from expression (5) with N = 2. The sums in expression (A9) converge which enables us to obtain the coefficient c 2 up to the desired accuracy. 
